

The concept of a Random Variable


A random variable X, is a function that assigns a single value for each possible outcome in the experiment.



Example 1.



Let the experiment be a roll of a single die. Give all possible values of the random variable X if it is defined as  



the number of spots on the side facing up.



Example 2. 



Let the experiment be a roll of two dice. Give all possible values of the random variable X if it is defined as  



the sum of the two dice.



Example 3.



Let the experiment be: taking 10 consecutive free trow attempts in basketball. Give all possible values of the random variable Y if it is defined as  the number of successful attempts.



Example 4.



Let the experiment be: having 7 children.  Give all possible values of the random variable Y if it is defined as  the number of girls that this family has.



Example 5.



Let the experiment be: drawing a card from a deck of cards. Let you random variable X be defined as the number of attempts until an ace is drawn. Give all possible values of the random variable. 

Discrete versus continuous random variable
A discrete random variable has a countable number of possible values while a continuous random variable has an infinite number of possible values along a continuous interval.



Which of the following is a discrete random variable?

	a)
	length of time you play in a baseball game

	b)
	length of a car

	c)
	volume of water in a tank

	d)
	number of candies in a box




Which of the following is a continuous random variable?

	a)
	number of times you catch a ball in a baseball game

	b)
	number of red cars on the highway

	c)
	volume of water in a tank

	d)
	number of candies in a box




Classify the following random variables as discrete or continuous.

a)  the number of times a player bumps the ball in a volleyball game

b)  the length of time a student spends doing homework

c)  the volume of water in a swimming pool

d)  the number of blue cars on a highway

Probability distribution function



We can assign probabilities to each possible value that our random variable can take.



A probability distribution shows the probabilities of all possible outcomes of an experiment.



For a random variable X, the probability distribution function p(x) is defined as P(X=x)



Example 1.



Let the experiment be a roll of a single die. Give all possible values of the random variable X if it is defined as  



the number of spots on the side facing up. Find the probability distribution function for the random variable.



Example 2. 



Let the experiment be a roll of two dice. Give all possible values of the random variable X if it is defined as  



the sum of the two dice. Find the probability distribution function for the random variable.



Example 3. There are 6 nurses and 2 doctors. Let the experiment be choosing a 2-member committee, and let define the random variable X as the number of doctors on the committee. Find the probability distribution function for the random variable.



Example 4. Toss two coins Let Y (your random variable)  be the number of heads appearing. Find the probability distribution function for the random variable.

Properties of a p.d.f. (Probability Distribution Function)


What is the sum of the probabilities in any probability distribution?
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How large (or small) P(X=x) can be?
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The Expected Value of Random Variable
An expectation or expected value, E(X), is the predicted average of all possible outcomes of a probability experiment. The expected value of a random variable X with probability distribution function p(x) is defined 
as the sum of all possible values of the random variable multiplied by its corresponding probability.
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Example 1.
Find the expected value of the random variable X if its probability distribution function, p(x) is given:

	 x 
	Probability, P(x)

	0
	15/28

	1
	12/28

	2
	1/28


Example 2.

Find the expected value E[X] if random variable X is defined as the outcome of a roll of a six sided die.

Example 3. 

In a very simple gambling game you get $1 if you roll 1, 2, or 3, you get $5 if you roll 4 or 5 and you get $35 if you roll a six. Would you play this game if the cost of each roll was $10?

Example 4.

If you roll two dice a large number of times, what would be the average sum of all of your attempts?


Example 5.




Consider a simple game in which you roll two dice. If you roll an even total, you gain that number of points, and, if you roll an odd total, you lose that number of points.

a)  Determine the probability distribution of points in this game.

b)  What is the expected number of points per roll?

c)  Is this game fair? Explain why or why not.



Example 6. A recent lottery collected $66 227 391 selling tickets at $1.50 each. The prizes were as follows:

	Prize ($)
	Number of Prizes

	24 000 000
	1

	100 000
	14

	1 000
	500

	100
	25 000

	25
	100 000

	10
	500 000


a)  What is the probability of winning a prize in this lottery?

b)  What is the expected profit per ticket?

a)  The number of tickets sold was [image: image4.png]66 227 391
150

44 151 594



. Therefore the probability of winning a prize is [image: image5.png]1+ 14+ 500 + 25 000 + 100 000 + 500 000
44 151 594

= 0.14167.




b)  The expected payout per ticket is
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The expected profit per ticket is about $1.50–$0.813 = $0.687.

3.
Consider a simple game in which you roll two dice. If you roll an even total, you gain that number of points, and, if you roll an odd total, you lose that number of points.

a)  Determine the probability distribution of points in this game.

b)  What is the expected number of points per roll?

c)  Is this game fair? Explain why or why not.

a)  

	Points, x
	Probability, P(x)

	2
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	–3
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	4
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	–5
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	6
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	–7
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	8
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	–9
	[image: image14.png]




	10
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	–11
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	12
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c)  The game is fair because the expected outcome is 0.


2.
A sailing club has eight 4.6-m boats, eleven 5.0-m boats, five 5.2-m boats, and five 6.1-m boats. These boats are assigned randomly to members who want to go sailing on any given day.

a)  Make a table and a graph of the probability distribution for the length of an assigned boat.

b)  What is the expected length of an assigned boat?

ANS:


a)

	Length, x (m)
	Probability, P(x)

	4.6
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	5.0
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	5.2
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	6.1
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The expected length is 5.11 m.


4.
For project presentations, Mr. Euclid has divided the students in his class into six groups. Mr. Euclid randomly selects the order in which the groups make their presentations.

a)  Determine the probability distribution for any given group’s position in the sequence of presentations.

b)  What is each group’s expected position in the sequence of presentations?

ANS:


a)  Since each group has an equal chance of being chosen for any position in the sequence of presentations, the probability distribution is uniform:

	Position in sequence, x
	Probability, P(x)

	1
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	2
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	3
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	4
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	5
	[image: image29.png]




	6
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b)  Each group’s expected position in the sequence of presentations is
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5.
A spinner has three equally-sized sectors, numbered 1 through 3.

a)  What is the probability that the arrow on the spinner will stop on an even number?

b)  What is the expected outcome?

ANS:


a)  The only even number on the spinner is 2, so the probability is [image: image32.png]


.

b)  [image: image33.png]




6.
Consider a simple dice game in which you roll a single die. If you roll an even number, you lose that number of points, and, if you roll an odd number, you gain that number of points.

a)  Determine the probability distribution of points in this game.

b)  What is the expected number of points per roll?

c)  Is this game fair? Explain why or why not.

ANS:


a)

	Points, x
	Probability, P(X)

	1
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	–2
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	3
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	–4
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	5
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	–6
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c)  This game is not fair since the expected number of points per roll is not zero.
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