Section 5.1  Organized Counting With Venn Diagrams
MULTIPLE CHOICE

1.
In a Venn diagram, the overlap between two circles represents

	a)
	the union of two sets

	b)
	the intersection of two sets

	c)
	the elements that are in either of two sets

	d)
	the difference between the numbers of elements in two sets


ANS:
B



2.
A florist uses various sets of flowers and greenery to make bouquets for different occasions. Let set A consist of roses, carnations, lilies, irises, and ferns, while set B consists of tulips, lilies, daffodils, ivy, and ferns. What are the elements of the intersection of sets A and B?

	a)
	roses, carnations, lilies, irises, ferns, tulips, daffodils, and ivy

	b)
	tulips, lilies, daffodils, ivy, and ferns

	c)
	roses, carnations, irises, tulips, daffodils, and ivy

	d)
	lilies and ferns


ANS:
D


3.
An amateur drama group has 15 volunteers for backstage work and 11 for the box office. If 6 volunteers are willing to work either backstage or in the box office, how many volunteers are there altogether?

	a)
	17
	c)
	20

	b)
	19
	d)
	26


ANS:
C

SHORT ANSWER


1.
All of the lawn-maintenance workers in a town’s parks department are encouraged to take safety training. If 11 workers have taken the course for operators of large mowing machines, 7 workers have taken the course on handling pesticides, and 3 have taken both courses, how many lawn-maintenance workers have taken at least one of these courses? Illustrate your answer with a Venn diagram.
ANS:


15 workers
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2.
There are 10 students on the basketball team, 11 students on the soccer team, and 14 students on the volleyball team. Only 3 students play on all three teams, but 5 students play both soccer and volleyball, 4 play both volleyball and basketball, and 7 play both soccer and basketball. What is the total number of students on the three teams? Illustrate your answer with a Venn diagram.
ANS:


There is a total of 22 students on the three teams.

[image: image2.png]Basketball Soccer

Volleyball






3.
Of the 73 books in a sale bin, 33 are fiction, 41 are Canadian, and 35 are about the military. All of the sale books fit at least one of the three categories. If 12 of these books are Canadian fiction, 17 are about the Canadian military, and 16 are military fiction, how many of the books fit in all three categories? Use a Venn diagram to illustrate your answer.
ANS:


There are 9 books that fit in all three categories.
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PROBLEM

1.
Of the 25 students taking dramatic arts, 18 have signed up for a play that will tour to several high schools, 10 have volunteered for a drama festival production, and 5 are involved with both productions. How many of the drama students do not have a project yet? Illustrate your answer with a Venn diagram.

2.
Josh is conducting a telephone survey for a telecommunications company. Over the course of a 4-h shift, he logged the following calls:

16 to single-family homes

21 to homes with more than one telephone line

17 to people who were satisfied with their current long-distance provider

11 to people who lived in single-family homes and were satisfied with their current long-distance provider

7 to single-family homes with more than one telephone line

9 to people who were satisfied with their long-distance provider and had more than one line

4 to people who lived in single-family homes, had more than one line, and were satisfied with their long-distance provider

5 to people who lived in multi-family buildings, had only one line, and were unhappy with their current long-distance provider

How many calls did Josh make in this shift? Illustrate your answer with a Venn diagram.
ANS:


Applying the principle of inclusion and exclusion, the number of calls was 5 + (16 + 21 + 17 – 11 – 7 – 9 + 4) = 36
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3.
Of 24 condominium buildings in a retirement community, 12 have a swimming pool, 11 have tennis courts, and 15 have a room for playing cards. All the buildings have at least one of these amenities. If 4 buildings have a pool and tennis courts, 5 have a pool and a card room, and 3 have all three, how many of the buildings have tennis courts and a card room but no pool? Illustrate your answer with a Venn diagram.
ANS:


Let n be the number of buildings with tennis courts and a card room. Applying the principle of inclusion and exclusion,

24 = 12 + 11 + 15 – 4 – 5 – n + 3

n = 8

This number includes the 3 buildings that also have a pool, so the number that have just tennis courts and a card room is 8 – 3 = 5.
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Section 5.2  Combinations
MULTIPLE CHOICE

1.
The value C(15, 4) is

	a)
	1365
	c)
	3003

	b)
	36 036
	d)
	32 760


ANS:
A



2.
A combination is a selection of objects in which

	a)
	you can choose from four items
	c)
	order is important

	b)
	you must choose at least one item
	d)
	order is not important


ANS:
D


3.
In how many ways can a 12-member jury be chosen from a pool of 22 citizens?

	a)
	2640
	c)
	3 628 800

	b)
	646 646
	d)
	479 001 600


ANS:
B

SHORT ANSWER

1.
For a calculus quiz, the teacher will choose 11 questions from the 15 in a set of review exercises. How many different sets of questions could the teacher choose?
ANS:


15C11 = 1365

2.
The game of euchre uses just the 9s, 10s, jacks, queens, kings, and aces from a standard deck of 52 cards. How many five-card euchre hands have all black cards?
ANS:


12C5 = 792

3.
John has collected 14 hockey cards. Use combinations to find the number of ways he could choose 5 to put on the cover of his album.
ANS:


14C5 = 2002

4.
The Statsville basketball team has two centres, four forwards, and four defenders. Use combinations to determine how many ways the coach can choose one centre, two forwards, and two defenders to start a game.
ANS:


2C1  4C2  4C2 = 72

There are 72 possible starting line-ups.

5.
The group organizing the Statsville College reunion includes 6 current students, 8 current staff members, and 11 alumni. Two individuals from each category will work on the publicity committee. Use combinations to determine the number of different publicity committees the group could form.
ANS:


6C2  8C2  11C2 = 23 100
PROBLEM

1.
There are 10 councillors and 12 planning department staff available to serve on a budget committee for the new city council. If the committee will consist of 3 councillors and either 1 or 2 planning staff, how many different committees could the council choose?

2.
Statsville’s baseball club has one pitcher, two catchers, three short-stops, five infielders, and five outfielders. How many different ways could the team fill the starting roster of one pitcher, one catcher, one short-stop, three infielders, and three outfielders? Explain your reasoning.
ANS:


There is only one choice for the pitcher. However, the team has C(2, 1) choices for the catcher, C(3, 1) choices for the short-stop, and C(5, 3) choices for both the infielders and the outfielders. Applying the multiplicative counting principle, the total number of choices is C(1, 1)  C(2, 1)  C(3, 1)  C(5, 3)  C(5, 3) = 600.

3.
For the upcoming musical, the director has auditioned eight singers suitable for the three male principal roles and ten singers suitable for the four female principal roles. In how many different ways can the director cast the principal roles for this show?
ANS:


Applying the multiplicative counting principle, the number of ways of casting the principal roles is 8C3  10C4 = 11 760.
Section 5.3  Problem Solving With Combinations
MULTIPLE CHOICE

1.
How many different combination of trees could you buy if your local garden centre has only four cedar trees and three apple trees in stock?

	a)
	19
	c)
	7

	b)
	11
	d)
	12


ANS:
A



2.
How many different sums of money can you make with a penny, a nickel, a dime, and a quarter?

	a)
	7
	c)
	12

	b)
	11
	d)
	15


ANS:
D


3.
In how many ways can a committee with nine members form a subcommittee with at least one person on it?

	a)
	64
	c)
	511

	b)
	256
	d)
	1027


ANS:
C

SHORT ANSWER

1.
How many different sums of money can you make with three pennies, a nickel, a dime, and two quarters?
ANS:


4  2  2  3 – 1 = 47

You can make 47 different sums of money.

2.
In how many ways can a six-member committee form a subcommittee with at least two members?
ANS:


There are 57 subcommittees that can be formed.
PROBLEM

1.
You and your lab partner have made a list of six tasks you must do to complete your science project. In how many ways can you divide this work? Explain your reasoning.
ANS:


Consider the tasks you take on as combinations chosen from the set of six tasks. Since you must do at least one of the tasks, the total number of combinations is 26 – 1 = 63.

2.
The game of euchre uses the 9s, 10s, jacks, queens, kings, and aces from a standard deck of 52 cards. How many 5-card euchre hands have at least 2 black cards? Explain your reasoning.
ANS:


Direct Method

The hand could have 2, 3, 4, or 5 black cards. There are 12 black cards and 12 red cards, so the numbers of combinations for the four cases are as follows.

2 black cards: C(12, 2)  C(12, 3) = 14 520

3 black cards: C(12, 3)  C(12, 2) = 14 520

4 black cards: C(12, 4)  C(12, 1) = 5940

5 black cards: C(12, 5)  C(12, 0) = 792

The total number of euchre hands that have at least two black cards is the total of these four cases, 35 772.

Indirect Method

Find the total number of possible euchre hands and subtract those that have either one black card or all red cards:

C(24, 5) – C(12, 5)  C(12, 0) – C(12, 4)  C(12, 1) = 35 772

3.
The students producing a school fashion show plan to have five scenes with music between them. The music students have come up with 18 pieces: 6 for piano, 5 for recorder, and 7 for guitar. The students want to use at least 1 piece for the piano. In how many ways can the group choose the 4 pieces of bridging music? Explain your reasoning.
ANS:


Direct Method

There are 6 pieces for piano and 12 for the other instruments. The students can choose 1, 2, 3, or 4 piano pieces. Consider each of these cases in turn.

1 piano piece: The students can choose the piano piece in C(6, 1) ways and the remaining 3 pieces in C(12, 3) ways. The number of combinations with 1 piano piece is C(6, 1)  C(12, 3) = 1320.

2 piano pieces: The number of combinations is C(6, 2)  C(12, 2) = 990.

3 piano pieces: The number of combinations is C(6, 3)  C(12, 1) = 240.

4 piano pieces: The number of combinations is C(6, 4)  C(12, 0) = 15.

The number of combinations that include at least 1 piano piece is the total of these four cases, 2565.

Indirect Method

Find the total number of possible combinations and subtract those that do not have any piano pieces:

C(18, 4) – C(12, 4)
= 3060 – 495


= 2565
Section 5.4  The Binomial Theorem
MULTIPLE CHOICE

1.
The degree of each term in the binomial expansion of (x – y)5 is

	a)
	6
	c)
	5

	b)
	4
	d)
	–5


ANS:
C



2.
The coefficients of the first three terms in the expansion of (x – y)4 are

	a)
	1, –4, –6
	c)
	1, 4, 6

	b)
	1, –4, 6
	d)
	1, 3, 5


ANS:
B


3.
For the binomial expansion of (x + y)10, the value of k in the term 45xky8 is

	a)
	2
	c)
	3

	b)
	4
	d)
	1


ANS:
A


4.
What is the value of the constant term in the expansion of [image: image6.png]


?

	a)
	4
	c)
	64

	b)
	16
	d)
	256


ANS:
D

SHORT ANSWER

1.
Use Pascal’s triangle to expand (x + y)6.
ANS:


x 6 + 6x 5y + 15x 4y 2 + 20x 3y 3 + 15x 2y 4 + 6xy 5 + y 6

2.
Use Pascal’s triangle to expand (3x + 2y)6.
ANS:


(3x)6 + 6(3x)5(2y) + 15(3x)4(2y)2 + 20(3x)3(2y)3 + 15(3x)2(2y)4 + 6(3x)(2y)5 + (2y)6

= 729x 6 + 2916x 5y + 4860x 4y 2 + 4320x 3y 3 + 2160x 2y 4 + 576xy 5 + 64y 6

3.
Use the binomial theorem to expand and simplify (x – 4y)3(x + y)2.
ANS:


(x – 4y)3(x + y)2 = [1x3 + 3x2(–4y) + 3x(–4y)2 + 1(–4y)3](x2 + 2xy + y2)

= (x3 – 12x2y + 48xy2 – 64y3)(x2 + 2xy + y2)

= x5 + 2x4y + x3y2 – 12x4y – 24x3y2 – 12x2y3 + 48x3y2 + 96x2y3 + 48xy 4
       – 64x 2y 3 – 128xy 4 – 64y 5
= x 5 – 10x 4y + 25x 3y 2 + 20x 2y 3 – 80xy 4 – 64y 5
PROBLEM

1.
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 in the form (a + b)n. Explain your steps.
ANS:


All the terms in the expression are of degree 3, so n = 3. Therefore, the first term is a3 and the last term is b3. So,
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and
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.

2.
Find the middle term in the expansion of (2x + 3y)12.
ANS:


The expansion will have 13 terms, so the middle term is the seventh term. Applying the binomial theorem,

t7 = 12C6  (2x)6(3y)6
= 43 110 144x6y6

3.
In the expansion of (ax + by)7, the coefficients of the first two terms are 128 and –224, respectively. Find the values of a and b.
ANS:


(ax + by)7 = a7x7 + 7a6x6(by) + ...

a7 = 128

a = 2

7a6b = –224

7(2)6b = –224
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4.
In the expansion of (1 – x)(1 + x)n, the third term is 35x2. Find the value of n.
ANS:
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Since the coefficient of the third term is 35, 
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An expansion with n = – 7 will not produce any x2 terms, so n = 10.
